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Abstract
To satisfy the need for high-speed and high-accuracy machining of NURBS curve. Firstly the form of NURBS curve is analyzed 
and Talor’s expansion of the parameter u with respect to time t is used to obtain the algorithm of the first order approximation interpola-
tion. Secondly, based on the algorithm of the controlled chord error interpolator, an intelligent interpolation algorithm of the adaptive 
feedrate control is proposed. According to the actual machining capacity of machine tools, this algorithm uses look-ahead method, which 
dispenses with the complicated computation of the end point estimation of NURBS curve, to analyze the curve segment required by the 
maximum deceleration distance. Thus, the feedrate could decrease in advance and vary with the curvature and the variation ratio of cur-
vature, which makes machining motion quite smooth. Not only could high accuracy and fine surface quality be achieved during 
high-speed machining, but also the overload of cutter tools is avoided on corners. Finally, in order to facilitate the calculation of interpo-
lation, the dynamic matrix representation and efficient algorithm of curvature computation of the NURBS curve are presented. 
Keywords: CNC; NURBS curve; interpolation; high-speed machining 
1 Introduction
*
In aeronautical and astronautical devices, high- 
accuracy integral components with complex surface 
and profile are widely used, which are usually pro-
duced by milling, for example, in case of manufac-
turing integral impellers. The milling process of 
those integral components needs high performance 
CNC system. However, the traditional milling 
method, which uses piecewise linear segment to ap- 
proximately approach the profile curve segment to 
be milled, results in low efficiency and poor surface 
quality. Thanks to advanced CNC system and en-
hanced calculating speed of computers, an NURBS 
curve generated by free form surface in CAD sys-
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tems can be directly machined. Hence the following 
questions are resolved: (1) the memory and trans-
mission load of a large number of data of NC code 
due to piecewise line segment approximation ap-
proach; (2) bad surface quality of parts[1-3].
The simplest interpolation algorithm is that the 
feedrate remains constant except at start and end 
points. It means that chord error varies with the 
curvature of curve and the machining accuracy can 
not be guaranteed. A controlling chord error method 
was proposed that the feedrate varies with the cur-
vature of curve. But the tangent and normal direc-
tion acceleration of machine tools is limited by the 
capacity of electrical and mechanical system. 
Therefore, it is concluded that the feedrate can 
not be rapidly decreased to the one that makes the 
chord error within the specified tolerance at sec-
tional curve where the variation ratio of curvature 
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becomes very big; and furthermore, the feedrate 
which satisfies the need of chord error may not be 
responded to machine tools because of the limited 
normal acceleration of machine tools when the in-
stantaneous radius of curvature is very small. Based 
on the algorithm of the controlling chord error in-
terpolator, an intelligent interpolation algorithm of 
the adaptive feedrate control is proposed. Depend-
ing on the actual machining capacity of machine 
tools, this algorithm uses look-ahead method to 
analyze the sectional curve that the maximum 
deceleration distance requires, which dispenses with 
the complicated calculation of the end point estima-
tion of NURBS curve. Thus, the feedrate could de-
crease in advance and varies with the curvature and 
the variation ratio of curvature making machining 
motion quite smooth. 
2 Real-time Adaptive Interpolation of 3D 
  NURBS 
2.1 Definition of NURBS  
A NURBS curve is a vector-valued rational 
polynomial defined by the following form 
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where di, i = 0, ···, n, is control point, wi, i = 0, ···, n,
is weight fact, Ni,k(u) is the normalized B-spline 
basis function of order k with the following nota-
tions:
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2.2 The algorithm of controlled chord error  
interpolation[4-5]
Let the function of parameter u with respect to 
t be u(ti) = ui, u(ti+1) = ui+1, using Talor’s expansion, 
the approximation up to the second derivative is 
2
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the feedrate is defined by 
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Let the sampling time interval be Ts seconds 
and Ti+1 – Ti = Ts. Then the first-order interpolation 
algorithm is obtained by substituting Eq.(4) into 
Eq.(3), and neglecting the high order term, Eq.(3) 
can be processed as follows 
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Supposing the sectional curve of uę[ui, ui+1] is 
approximated by circle arc ( shown in Fig.1), where 
r is the radius of curvature when parameter u = ui,
C(ui) and C(ui+1) are the interpolated points on 
curve when u = ui, u = ui+1, respectively.  
Fig.1  Estimation of next interpolated point. 
Given chord length L = || C(ui+1) – C(ui)||, the 
approximated curve speed V(ui) is defined as 
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and the derived chord error 
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Then the obtained V(ui) in function of chord error İ
is
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If the chord error İ and sampling time Ts are con-
stant, V(ui) varies with the radius r of curvature. 
But the tangent and normal acceleration of 
machine tools are limited by the capacity of electri-
cal and mechanical system. Hence, the required 
normal acceleration that causes the chord error 
within the specified tolerance at curve section where 
the curvature is very big would surpass the permit-
ted value aNmax , and the required tangent accelera-
tion that causes the chord error within the specified 
tolerance at curve section where the variation ratio 
of curvature is large would surpass the permitted 
value amax, so the mechanical characteristics of ma-
chine tools must be considered when the feedrate is 
adaptively adjusted. Therefore, the adaptive algo-
rithm of feedrate adjustment is introduced below. 
2.3 The interpolation algorithm of controlled  
normal acceleration[1,6]
The relationship between normal acceleration a,
feedrate V(ui) and the radius r of curve curvature 
can be expressed as follows 
2 ( )iV ua
r
 
The maximum permitted speed is 
max maxV a r             (6) 
The adaptively adjusted feedrate is derived from 
Eq.(5) and Eq.(6), 
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But the actual tangent acceleration may not 
satisfy the adjusted feedrate calculated by Eq.(7) at 
curve section where the variation ratio of curvature 
is very big. That means the feedrate can not decline 
to a very small one at short time which leads to ap-
pearance of over-cutting. These problems can be 
resolved by the following algorithm. 
2.4 The interpolation algorithm of controlled
    tangent acceleration 
Let the maximum granted acceleration be amax,
and the corresponding feedrate be Vmax, on condi-
tion actual deceleration be equal to amax, then the 
decelerating distance sm from Vmax to V = 0 is as 
follows
sm =
2
maxV /(2amax)
Therefore, several sampling interpolated seg-
ments on curve must be analyzed together in ad-
vance in order to ensure that the total length of these 
sampling interpolated segments is at least equal to 
sm, and only in this way, the current machining 
segment is immune from feedrate smoothing of the 
latter sampling interpolated segments. 
As shown in Fig.2, suppose each length of 
sampling interpolated segment is s0, s1, ···, sj, re-
spectively and the feedrate is defined as V0, V1, ···, 
Vj, Vj+1, respectively. 
Fig.2  Tracks of segment. 
If s = ( 2jV –
2
1jV  )/2amax > sj in the jth sampling 
interpolated segment, Vj must be adjusted. 
If si+1+ ··· +sj < s < si+ si+1 + ··· +sj, the feedrate 
must be adjusted through to the (i+1)th point Vi+1.
Thus, adjusted feedrate 1iV c can be obtained as fol-
lows
2
1 max 12 [ ( + )]i j i jV V a s s s c     
correspondingly,  
2
2 max 22 [ ( )]i j i jV V a s s s c       
until 2 max2j j jV V a sc   , feedrate adjustment men-
tioned above only satisfies cutting condition from 
the (i+1)th to jth sampling interpolated segments, 
but the adjustment of the feedrate on the (i+1)th
sampling interpolated segment is liable to affect the 
(i–1)th, (i–2)th sampling interpolated segments and 
so on. Hence, the speed of the corresponding sam-
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pling interpolated segments must be adjusted until 
the total length of these sampling interpolated seg-
ments equals at least to sm, and current segment can 
be processed accordingly. 
As for acceleration sampling interpolated seg-
ment, shown in Fig.5, if V1<V2 and 
2
1V +2amaxs1<
2
2V , the actual feedrate does not reach V2, therefore, 
V2 must be adjusted by 
2
2 1 max 1 2V V a s           (8) 
otherwise, V2 will exert influence on the next 
feedrate analysis. 
When the end point of curve with u = 1 is 
reached, the feedrate must decrease to V = 0, and 
also must be adjusted with Eq.(8). Obviously, the 
proposed algorithm obviates the need for estimating 
the end point of machining curve. But in Ref.[7], a 
large amount of dynamic calculation of the curve 
length is conducted because of the end point estima-
tion of curve which influences the real-time re-
sponse.
 3 Dynamic Matrix Representation of   
   NURBS Curve 
Let i =
1
i = ui+1–ui,
2
i = ui+2 – ui,
3
i  = ui+3 –
ui, ···, especially, 
0 0i  , to knot vector U, yield 
du= ^ `0 1, , , n k    , to uę[ui, ui+1], define 
+1( )/( ) ( )/i i i i it u u u u u u      , then tę[0,1]. If 
NURBS curve is the third order, K = 3, then the ith
section of curve can be represented by matrix as 
follows
3 3
2 22 3
1 1
3
22 3
1
[1 ]
( )
[1 ]
i i
i i
i
i i
i i
i
i
i
i
i
i
w d
w d
t t t
w d
w d
p t
w
w
t t t
w
w
 
 
 



ª º
« »
« »
« »
« »
« »¬ ¼ 
ª º
« »
« »
« »
« »
« »¬ ¼
M
M
where, 0İtİ1, i=3, 4, ···, n
11 12 13 14
21 22 23 24
31 32 33 34
41 42 43 44
i
m m m m
m m m m
m m m m
m m m m
ª º
« »
« »  
« »
« »
¬ ¼
M
   
 
   
 
 
2 2
1
11 132 3 2 3
1 2 1 1
1
11 11 23 2 3
1 1
2
11 21 33 2 3
1 1
33
44
2
211 11 43 44 2 3
2 3
1
1 0
3
3 3 0
3
3 0
3
i i
i i i i
i i
i i
i
i i
i
i i i
i i
m m
m m m
m m m
m
m
m m m m

   

 
 

ª º 
« » 
   « »
« » « » 
« » 
« »
« »
 « »
 « »
« »
ª« » «« »¬ « »   º« »  »« »
  »« »¼¬ ¼
Expand every term of this matrix and define 
a = m11wi–3di–3+m12wi–2di–2+m13wi–1di–1+m14widi,   
b = m21wi–3di–3+m22wi–2di–2+m23wi–1di–1+m24widi,
c = m31wi–3di–3+m32wi–2di–2+m33wi–1di–1+m34widi,
e = m41wi–3di–3+m42wi–2di–2+m43wi–1di–1+m44widi,
a1= m11wi–3+ m12wi–2+ m13wi–1+m14wi,
b1= m21wi–3+ m22wi–2+ m23wi–1+m24wi,
c1= m31wi–3+ m32wi–2+ m33wi–1+m34wi,
e1= m41wi–3+ m42wi–2+ m43wi–1+m44wi,
then
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As the control points di and weights wi are 
known, matrix Mi is only related to knot vector U
and can be calculated before the interpolation of the 
ith section of curve. Hence, only the incremental 
value ǻt of parameter t needs to be calculated during 
interpolation, which increases the calculation speed 
greatly. 
4 The Software Realization of the  
     Proposed Algorithm 
At the start portion of curve, trapezoidal or 
S-curve profile acceleration method and the pro-
posed algorithm are applied separately. Comparing 
the speeds calculated by the two methods, the 
minimum speed of them is used, the proposed algo-
rithm is applied alone until the later speed is great 
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than the former one. 
To avoid too much time spent on adjusting 
feedrate by Eq.(8), in which frequent and tedious 
calculation of square roots is demanded, the feedrate 
square is memorized other than the feedrate for 
pre-interpolation segments fˈeedrate adjustment can 
be processed by the following equation 
2 2
2 1 max 1 2V V a s           (9) 
Only when the interpolation segment is to be 
machined is the square root of feedrate square cal-
culated. Thus, every adjustment of feedrate of a 
segment is processed only four times with one addi-
tion or subtraction (2amax can be treated as one pa-
rameter). 
In the process of recursive calculation, only the 
value of feedrate is changed while the others remain 
unchanged until the interpolation segment is to be 
machined. Current pre-interpolation point is re-
placed by the actual interpolation point, as shown in 
Fig.3, the 1st, 4th and 6th points are pre-calculated 
according to the chord error and the maximum 
feedrate, the 2nd, 3rd and 5th points are the actual 
interpolation points which are calculated by the al-
gorithm of controlled tangent and normal accelera-
tion.
Fig.3  The interpolated points of NURBS curve. 
Because the feedrate between any two adjacent 
pre-interpolation points must satisfy the following 
inequality 
1 max si iV V a T İ
The feedrate between any two adjacent actual 
interpolated points must also satisfy the above re-
quirement. 
The feedrate of the 2nd, 3rd and 5th points can 
be derived as follows 
V2 = (V1+ V4)/2
V3 = (V2+ V4)/2
V5 = (V4+ V6)/2
Finally, the incremental value du of parameter 
U and the actual interpolated points are calculated. 
5 Experiments 
In order to authenticate the proposed method, 
the feedrate is measured. The whole process is com-
pleted by DSP-based motion control board with the 
following machining parameters: the maximum fee- 
drate is 6 m/min; the starting feedrate is 0.5 m/min; 
the acceleration in the feed direction, amax, is 9.8 
m/s2; the normal acceleration is 0.98 m/s2; the in-
terpolation time interval Ts is 2 ms; the cutter radius 
is 3 mm; the contour error is 2 Pm. 
Fig.4 shows the NURBS curve and its control 
points and Fig. 5 shows its curvature radius. 
Fig.4  The NURBS curve and its control points. 
Fig.5  The curvature radius of the NURBS curve. 
As shown in Fig.6, at some segments, accelera-
tion or deceleration exceeds the given value. But 
after the adjustment of the interpolation algorithm 
of controlled tangent and normal acceleration 
(shown in Fig.7), the variation of feedrate and feed 
acceleration or deceleration all fall in the rang of 
CNC system parameters. Fig.8 shows the machined 
NURBS surface and Fig.9 shows the cross section 
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of the machined NURBS surface. 
Fig.6  The feedrate after the adjustment of the interpolation 
algorithm of the controlled chord error. 
Fig.7  The feedrate after the adjustment of controlled tan-
gent and normal acceleration. 
Fig.8  The machined NURBS surface. 
Fig.9  The cross section of the machined NURBS surface. 
6 Conclusions 
Of great importance to high-speed and high- 
accuracy machining system, the interpolation of 
NURBS curve has drawn close attention in this 
realm. Although the time spent by the proposed al-
gorithm is much more than that by the constant 
feedrate algorithm, still, it has such advantages as 
follows:
(1) Taking the actual capacity of machine tools 
in full consideration.  
(2) Being able to control contour errors. 
(3) Making the motion of machine tools quite 
smooth. 
(4) Improving the surface quality of work-
pieces.
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